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In an electrochemical stirred batch reactor where a series of two reactions A«——B«—D takes place,
two practical dynamic optimization problems were analysed. More specifically, the optimal profiles
of electrode potential which achieve the following performances are determined: (i) maximize the
final concentration of product B in a specified batch period # and fixed final conversion rate of
product A; (ii) minimize the terminal time # required to reach a specified selectivity of B. The reaction
considered here is the reduction of oxalic acid (A) to glyoxilic acid (B) followed by the reduction of
glyoxilic acid to glycollic acid (D). The optimization is carried out by means of Pontryagin’s max-
imum principle and the computational technique used is the control vector iteration method. The
influence of the liquid/solid mass transfer coefficients is mainly investigated. It is shown that, for low
conversion rates, the optimized and static operating modes achieve the same performances. For high
conversion rates however, the performances obtained in realistic operating conditions by applying
optimized electrode potential profiles, are substantially improved with respect to best static electrode
potential values.
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Nomenclature Greek symbols
o electrochemical transfer coefficient of the
Ae electrode surface area (m?) direct reaction
C concentration (molm™3) p electrochemical transfer coefficient of the
E electrode potential (V) reverse reaction
F Faraday constant (96 500 C mol~") v number of electrons involved
i current density (A m~2)
1 current (A) Subscripts
ky backward rate constant (m s~!) 0 initial conditions and constants
kq liquid/solid mass transfer coefficient (m s~') 1 first reaction
ke forward rate constant (m s ') 2 second reaction
R universal gas constant (8.314 J mol~! K1) A product A
T temperature (K) B product B
te batch period (s) D product D
14 reactor volume (m?) e surface
X conversion rate f final
s bulk

1. Introduction portant optimization parameter. Thus, the selectivity

and yield of a reaction intermediate can be improved

Electrochemical reactions often proceed via several
successive steps. In the presence of an electric field,
some of these steps involve electron transfer and
possibly chemical and catalytic reactions. Presently,
several selective electrochemical reactions are being
examined for industrial use [1-3]. The electrode po-
tential does not play the simple role of a modifier of
the rate constant for two steps but becomes an im-

in short periods and low potentials, depending on
transfer coefficients, contrary to conventional kinetics
[4]. However, despite recognition of the effect of po-
tential on selectivity control, little information exists
on a priori selection of optimal operating conditions
for electrochemical reactors with multiple reactions.

Traditionally, the optimization of electrochemical
processes, on the laboratory scale and on the
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industrial scale is carried out by studying the influ-
ence of different operating parameters such as current
density, electrode potential, flowrates and concen-
trations, on a defined performance index. Naturally,
this kind of optimization (i.e., static optimization)
which provides uniform profiles of the control vari-
ables is not always optimal.

Optimization of electrochemical processes through
the determination of the time varying control vari-
ables (i.e., dynamic optimization) is an interesting
approach and requires the use of the optimal control
theory [5, 6, 7]. The latter has already been applied to
many chemical processes, such as simple continuous
stirred tank [8], packed-bed catalytic reactors [9],
biochemical production [10] and polymerization
processes [11]. However, it has not been extensively
applied to electrochemical reactors though some en-
couraging results have already been published [12, 13].

In the present paper, the maximum principle is
used to determine the optimal profiles of electrode
potential in a batch electrochemical reactor where a
series of two cathodic reactions takes place. The ob-
jective is to point out the interest of optimal electrode
potential-time programming with respect to the best
static operating mode.

2. Reactor model
2.1. Mass balance equations

Here a batch electrochemical reactor in which a series
of cathodic reactions takes place is considered. The
following simplifying assumptions are made: (i) the
reactor is perfectly stirred, (ii) the mass transfer re-
sistance occurs by material diffusion through a
Nernst diffusion layer and is characterized by a mass
transfer coefficient, (iii) no other reactions in addition
to those occur, (iv) the capacitance of the double
layer is negligible, and (v) the current distribution is
uniform.

For a series of two electrochemical reactions
A«— B+«— D, the mass balance equations, subject
to the listed assumptions, may be written as

dCAs ilAe

= — 1
dr V]F ( )

d»CBs ilAe i2Ae
= 2
dt wFE  nF (2)

with

CAS(O) = CAO and CBS(O) = CBO (3)

2.2. Kinetic equations

The reaction scheme considered here is the following
[14]:

A+V167£>B

ko

_
B+we «—D
kb2

The reactions are assumed to be first order with res-
pect to the reactants. Thus, the reaction rates for both
steps are

i
_— — 4
ViF ki1 Cae — kb1 Che (4)
b _
_VzF = k/QCBe kaCDe (5)

which can be written in terms of mass transfer coef-
ficient as

Iy

L (Cas — 6
v F dA( As CAe) ( )
ho
WE kap (Cpe — Cpy) (7)
i i
vy kag (Cpe — Cps) (8)

By combining these equations to eliminate the surface
concentrations, the reaction rates for both steps be-
come as follows:

i

VE a1Cas + a2Cps + a3Cps )
7
VzizFZblCAs‘f'bZCBs"‘b}CDs (10)
where
ke Yi2
a = flAdB
koikas (ko — Ykag)
a) =
A
g _ kikpokas
3 A
kfzal
b P
! kagY
kf2 ar
bhy=—"| —=+1 11
b 1% <kdB + ) ( )
b — kpas — kqpko:
3 kagY
ki ko
X=14+—+—
kaan kg
ko kyo
Y=14+—4+-—
kag  kap
A = XYk — kioke
The rate constants are defined as
pa
ks = kgo exp(oc[\l;—E> for i=1,2 (12)
na
kbi = kbi() eXp <ﬁl\I;TE> for 1= 1,2 (13)

2.3. Characteristic criteria

Through the paper, two criteria will be used:

(i) Final conversion rate of A:
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Cao — Car (iii) and satisfy the terminal state constraints,
Xar = —C (14)
A0 X,‘(tf)—xl‘f:o for i=1,...,nc;nc <2 (23)
(ii) Selectivity (overall) of B: where x(¢) is a n-dimensional state vector (here n = 2)
Cpgr and u(¢)[= E(¢)] is a scalar control variable.
Sp = Cro — Car (15) The computational technique used is the control

The determination of these two variables requires the
specification of Cap for Xar and Cay and Cgg for Sg.
Cao 1s being the concentration of the product initially
present in the reactor, that is, product A.

3. Optimization problem

The objective is to determine the optimal profiles of
electrode potential required to achieve specified per-
formances. Two different and practical problems (P1
and P2) are considered in this study:

PI: Minimize the operating time # for a specified
selectivity of product B (the final concentrations of
both product A and B are fixed). Thus the perfor-
mance index J (cost functional) to be optimized is
defined as

JIE@)] =t (16)
and the selectivity of B is guaranteed by the following
terminal-point constraints:

Cas(tr) — Car =0 (17)
Chs (1) — Cpr =0 (18)
P2: Maximize the final concentration of the inter-
mediate product B, in a fixed batch period ¢, for a

specified final conversion rate of A. In this case the
performance index is defined as

J[E(l‘)] = Cp; (l‘f) (19)

and the final conversion rate of A is specified through
the terminal-point constraint (Equation 17). These
two optimization problems are subjected to the fol-
lowing additional constraints:

(i) the potential bounds:

Emin < E(t) < Emax (20)

(i1) the mass balance equations (Equations 1-3).

4. Optimization method

The optimization method used is based on Pontrya-
gin’s maximum principle [5, 6]. This principle pro-
vides a necessary condition to determine control
profiles which

(i) optimize the general performance index, J,

J(u) = G[x(tf),tf} + /OtrF(x, u)dt (21)
(i1) satisfy the state equations,
dx(r) = f[x(@@),u(n)]; x(0)=xp; for 0<t<t
(22)

vector iteration (CVI) approach [6]. It attempts to
construct a control profile history that simulta-
neously decreases or increases the performance index,
J and satisfies the terminal constraints.

4.1. Minimization of the batch period ty (Problem PI)

In this case both concentrations of A and B are
specified (nc = 2) at an unspecified batch period f#.
This is well known as a minimum time problem.

The choice of the following du(¢) history and value
for dz# [6]:

() (3 7+ o) o0

dip = —b{aa +F+{ <")}Tf+§:u,ﬁ}

ou=—w

(25)

t=ty

produces dJ <0, and satisfies dx;(¢) =0, for
i=1,2,... nc
Where:
dy) oF\" (or\"
e (ax> (E) 4 (26)
0, for j=1,2,...,nc
UROERE -
(371);:;[ for j=nc+3,....,n (27)
and
d (i)
Ve _ <8f> Yy fori=1,2,...,nc  (28)
d¢
G, _J1 fori=j
W ={o tis) (29)
The appropriate choice of u is
b 1" b
et o)
w w
where
Iy
- iy (9 (2F
0,= ["wor (2) (L) wa
fori,j=1,2,...,nc (31)
Sij = (ﬁfj)t:tf (32)

gi = /0 "w“))f(g—i) (%>T+(%>Tw<’>]dr (33)
= {f[%f+F+ (w( >)Tf”

b and w are positive weighting constants. The
choice w is very important as far as the conver-

(34)

t=ty
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gence is concerned. A very satisfactory value of w
is the following function:
2
-1

H
w :saa— with 0 <e <1

= (35)

(where H = F 4+ (YY) + 37, )7 ) provided that
the involved second derivative is positive [6]. In this
case Q and g depend on w.

It is worth noticing that \|1<J) and \l/(i), for
i=1,2,...,nc, are different n-dimensional vectors.
i, g and r are nc-dimensional vectors and Q and
S nc X nc matrices.

4.2. Maximization of the final concentration
of B (Problem P2)

In this case only the concentration of A is specified
(nc = 1) at a fixed batch period #. A ou(¢) history that
produces dJ >0 and satisfies dx;(f) =0, for
i=1,2,...,nc,is also given by Equation 24. In these
conditions, the appropriate choice of u is

p=-0"yg (36)

The existence Q™! is the controllability condition of
the process under consideration [6].

5. Simulations and discussions

The physical data are given in Table 1. The kinetic,
mass transfer and operating parameters are chosen to
represent an electrochemical system suiting the elec-
troreduction of oxalic acid to glyoxilic acid followed
by the electroreduction of glyoxilic acid to glycollic
acid [2, 14]. (A=COOHCOOH, B=CHOCOOH,
D=CH,OHCOOH). To point out the optimality of
the results, they are compared with those of the best
static operations.

5.1. Maximization of the final concentration
of B (Problem P2)

Typical convergence rate of the electrode potential
profile is shown in Fig. 1. No change in the values of
E(¢) can be seen after the fourth iteration. One of the
main features of the control vector iteration method

Table 1. Physical data used

Parameter Value Unit

A, 22 x107* m?

v 157 x 107° m’

T 293.15 K

Cho 680 molm™3
Cro 0 molm™
Cpo 0 molm™3
kdB 0.1 de ms_l
kfio 1.0x 10713 ms™!
kf> 333 x 1071 ms™!
kbyo 0 ms™!
kbzo 0 ms_l

o 0.162 -

o 0.157 -

-1.5 ==

-1.52

-1.54

-1.56 |
z -1.58
=5

-1.6

-1.62

-1.64

_1.66 . . . .
0 0.2 04 0.6 0.8 1

e
Fig. 1. Convergence rate of the electrode potential profile. Itera-

tion: (1) L (2)------ £ (3) s () === :(14) »
Xa, = 0.80; kga = 10.0 x 10-m s

is to provide a good estimation of E(¢) in a very few
number of iterations. Another interesting feature of
the computational method lies in its ability to provide
a simple mean to check whether the system under
consideration is controllable. Figure 2 which presents
the controllability condition, Q~', shows that the
system remains controllable during the whole itera-
tive process.

To improve convergence process the weighting
function w(¢) (Equation 35) is used rather than a
positive constant. The shapes of these functions, ob-
tained for & = 0.95 and depicted in Fig. 3, can be
easily justified from the convergence rate of E(¢)
presented in Fig. 1. In fact, at each iteration, in the
beginning of the operation and from a uniform initial
guess of E(t), the control does not require that much
correction as at the end of the operation where the
optimal profile exhibits a more rapid decrease.

Various time-varying profiles of the electrode po-
tential are presented in Fig. 4 for different specified
final conversion rates of 4. It can be seen that the
optimal profiles are quasiuniform when low conver-
sion rates are required, showing thus the optimality
of static operating mode under such operating con-
ditions.

When high conversion rates are required, the op-
timal profile is no longer uniform. In the beginning of
the operation, the absolute value of the electrode
potential is relatively low allowing hence to convert
more A into B than B into D since o, is greater than

35

....0.
30 | o®®® J
25 T
20 Py kb
15

10 | 4
NGRS B 2 28 Co S0 S 20 A A 4h 4

o L . L PR

(o] 2 4 6 8 10 12 14 16 18 20

iteration

Fig. 2. Controllability condition. k4a: (H) 10.0 x 10°ms™'; (@)
7.0x 107> ms~!; (¥) 5.0 x 107> ms~'. Xar = 0.80.
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0.18

0.16
0.14 -
0.12
0.1
0.08

weighting function w

0.06
0.04

0.02

Fig. 3. Weighting function w(¢). Iteration: (1) 5 (2) ------ ;
((€) Jp— R C)ERERS 3 (14) -- == -- == Xar=0.80; kga = 10.0 x
1075 m s~!.

oy. At the end of the operation, the absolute value of
electrode potential increases in order to ensure the
desired conversion rate of A. The optimized profiles
of the electrode potential are therefore consistent
with the desired performances.

Figure 5 shows the influence of the desired final
conversion rate of A, Xar, on the final concentration
of B, Cgs(t), in both static and dynamic operations.
This influence is presented for three different values
of the mass transfer coefficient kqa. This figure ex-
hibits a maximum for the two operating modes and
for each liquid/solid mass transfer coefficient. This
maximum is due to the competition between the two

E/V

t/tg

Fig. 4. Optimal profiles of the electrode potential (Problem
P2). kga =50x 107 ms™'. Xap: (

300 -

250

200

150

Cpi(tp / molm™

100

50

0.1 02 03 04 05 06 07 08 09 1
Xat

Fig. 5. Final concentration of B against final conversion rate of A
for different liquid/solid mass transfer coefficients (static and op-
timized operations). Key: (A) optimal operation; (A) static oper-
ation. kga: (@) 10.0 x 107> ms™!; (b) 7.0 x 10> ms™!; (c) 5.0 x
105 ms!.

reactions. Before the maximum value, both static and
optimal operations lead to the same results. In these
conditions, it is not necessary to operate at optimized
electrode potential. This result is in agreement with
the quasiuniform optimal profiles of electrode po-
tential in Fig. 4.

On the other hand, when high conversion rates are
imposed, the conversion rate of A is achieved at the
expense of the production of B. The optimized po-
tential then provides a higher final product concen-
tration (performance index) with respect to the best
static operation. This is clearly shown in Fig. 6 which
presents the relative improvements of the perfor-
mance index due to the optimized potential with
respect to the best constant values.

It is worth noticing that the best improvements
(more than 30%) are obtained for unrealistic poten-
tial values since the experimental bounds are
Enin =—1.7V and Ey.x = —1.0 V [2]. It is however
not easy to account for these limits by means of the
maximum principle method. Nevertheless, by using
the control vector parametrization (CVP) method
[15], which allows to easily handle different types of
constraints, the resulting improvements turns out to
be lower but still interesting since they rise up to 25%.

5.2. Minimization of the batch period t; (Problem PI)

The objective here is to minimize the terminal time
required to reach a specified selectivity of product B.
In the study of the problem P2 (Section 5.1) we used
the control vector iteration method and pointed out
its major features. Unfortunately, this method has a
main drawback. Like all first-order gradient methods,
control vector iteration shows great improvements in
the first few iterations but has poor convergence
characteristics as the optimal solution is approached.
It is the case for minimum time problems where the
method must be combined with efficient and powerful
other methods, especially close to the optimum. For
this specific optimization problem, we used the CVI
method in the first iterations to have a good initial
guess of different variables for another computational
method, that is, boundary condition iteration
(BCI) [16].

0.5 . . . . ’ . . -
045 (b) (a) B
0.4 | (c)

035 I /‘

03
0.25
0.2
0.15
0.1
0.05

[ CBsoplimal(Lf)ACBsstaljc(tf) ¥ CBSstatic ([f>

A . A Pe

0 ! . . ;
0.1 02 03 04 05 06 07 08 09 1

Xaf

Fig. 6. Final concentration improvement against conversion rate
of A for different liquid/solid mass transfer coefficients. kga: (a)
100 x 10 ms~!; (b) 70 x 10> ms~!; (¢) 5.0 x 10> m s~
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-1.55

-1.6

E/V

-1.65

1.75 . . . .
0 0.2 04 0.6 0.8 1

vty
Fig. 7. Optimal profiles of the electrode potential (Problem P1).
kaa = 10.0 x 10> ms~!; Key for (Xar, ) from top to bottom:

(0.60, 3535 s); (0.65, 3514 s); (0.70, 3485 s); (0.75, 3445 s); (0.80,
3388 s); (0.85, 3303 s).

It has to be clear that the combination of these two
methods is not the best, but allows us to determine an
optimal solution in reasonable computational time.

Typical optimal profiles of electrode potential re-
quired to reach a specified selectivity of B in a mini-
mum time are presented in Fig. 7 for different final
conversion rates of A (¢ = 0.95; » = 100). The speci-
fied selectivity of B, that is, final concentrations of A
and B, to be reached is obtained from the best static
operations for a batch period # fixed at 3600 s. In
fact, the conversion rates of A are limited to the range
where the static operation is no longer optimal, that
is, between the value which maximizes the final con-
centration of B and unity, and Fig. 5 provides the
corresponding concentration of B. The operating
conditions are summarized in Table 2.

Figure 8 shows the optimized time obtained for
various final conversion rates of A and for different
liquid/solid mass transfer coefficients. It can be seen
that since the mass transfer coefficient is used to de-
termine the final concentration of B in static opera-
tions, its influence on the optimal terminal time is not
significant. It is clearly shown that the batch period
can be substantially reduced when the electrode po-
tential is optimized with respect to best static poten-
tial values. The improvement of the terminal time
with respect to the best static operation (i.e.,
tr = 3600 s) increases with the conversion rate of A
and naturally the reached selectivity of B decreases.
The latter may be maintained at a higher level pro-
vided that the electrode potential is no longer inside
the control bounds.

Table 2. Different operating conditions

kaqg = kag = kaqg =
5x107°ms™ 7x107°ms™ 10 x 107 ms™
CA/'

Xy /molm™ Cpgy/mol m~3

0.60 272 185.6 229.8 266.6

0.65 238 177.5 228.5 271.3

0.70 204 164.0 221.7 272.0

0.75 170 144.8 210.1 267.2

0.80 136 117.6 191.1 255.7

0.85 102 80.2 162.5 235.3

3550

3500

3450

tls

3400

3350

3300 . . I . .
0.55 0.6 0.65 0.7 0.75 0.8 0.85

Xaf

Fig. 8. Minimum time against final conversion rate of A for dif-
ferent liquid/solid mass transfer coefficients. kga: (+) 5.0 X
10°ms™"  (lower curve); (x)7.0x10°ms™'; (%) 10.0x
10 ms~! (upper curve).

6. Conclusions

In the two practical dynamic optimization problems
studied here, it is interesting to notice the benefits of
optimized operation over constant operation in the
case of a nonlinear electrochemical reactor where the
model is supposed to be perfect. Despite the fact that
perfect models are rare in practical applications, so-
lution of the nominal optimization problems is the
most frequent approach, both in academic research
contributions and industrial applications. In practical
cases, the parameters of the nominal model will be
chosen at or near their mean value over the modelling
runs. The resultant optimization given this nominal
model and neglecting its uncertainty does not neces-
sarily yield poor results in practical problems for at
least two reasons [17]. One is that many technical
problems, also in the optimization of batch reactors,
exhibit very flat, that is, insensitive, optima. The
other is that there are cases where the influence of
variations on the objective cannot be reduced by
appropriately choosing an operating policy, that is,
the best strategy found by taking into account the
uncertainty is similar to the best strategy ignoring the
uncertainty.
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